We consider a free-standing metallic nanofilm with a predominant intersubband paring which emerges as a result of the confinement in the growth direction. We show that the Fermi wave vector mismatch between the subbands, detrimental to the intersubband pairing, can be compensated by the non-zero center of mass momentum of the Cooper pairs. This leads to the spontaneous appearance of the intersubband Fulde-Ferrell (IFF) state, even in the absence of an external magnetic field. Our study of the intrasubband pairing channel on the stability of the IFF phase shows that the former strongly competes with the intersubband pairing, which prohibits the coexistence of the two superconducting phases. Interestingly, upon application of the magnetic field we find a transition to an exotic mixed spin-singlet subband-triplet and spin-triplet subband-singlet paired state. Finally, we discuss the possibility of existence of the IFF pairing in novel superconducting materials.
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I. INTRODUCTION
In the last decade, the study of superconductors in the nanoscale regime has evolved into one of the most active research directions in the solid state physics. This was mostly driven by the rapid progress in growth and characterization techniques which allow metallic films, and other types of superconducting materials, to be fabricated with atomic precision 1-3 . In metallic nanofilms, due to the strong confinement of electrons in the growth direction, the Fermi surface splits into series of subbands what results in multiband superconductivity similar to that observed in superconductors such as, e.g. MgB 2 [4] [5] [6] [7] or iron-pnictides [8] [9] [10] [11] . The multiband character of superconductivity in metallic nanofilms was confirmed by measurements of the critical temperature [12] [13] [14] and magnetic field 15, 16 oscillations as a function of the nanofilm thickness. This behavior was explained as resulting from the van Hove sigularities occurring each time when the bottom of the subband passes through the Fermi level (Lifshitz transition) [17] [18] [19] . When the material becomes thin enough, the confinement affects not only the electronic spectrum, but also the phononic degrees of freedom. The phonon dispersion in thin films strongly deviates from that observed in the bulk 20 what changes the electron-phonon coupling. Determination of the electron-phonon coupling in individual subbands and between them in metallic nanofilms is still an open issue, from both theoretical and experimental point of view. In particular, when the energy between electronic states (subbands) becomes smaller than the energy of the electron-phonon interaction 21 , the unconventional intersubband pairing can appear. In this paper, we show that in metallic nanofilms, the existence of such an exotic intersubband pairing can spontaneously induce a superconducting phase with a finite center-of-mass momentum of the Cooper pairs.
The finite momentum pairing was originally introduced in the 60's by Fulde [24] [25] [26] [27] . Although the physics standing behind the finite momentum Cooper pairing is relatively transparent, its experimental observation turned out to be extremely challenging. This is mainly due to the dominant role of the orbital effects which suppress the critical field well below the range of the FF phase stability 28 . For this reason, the existence of this unconventional paired state has been proposed to appear in 2D organic superconductors [31] [32] [33] [34] or ultra-thin films [35] [36] [37] subject to an in-plane magnetic field, where the orbital effects are strongly suppressed by the confinement in the growth direction. Alternatively, the FF phase is believed to appear in heavy fermion systems [38] [39] [40] [41] where the orbital effects are suppressed by the high effective mass or superconducting nanowires 29, 30 . So far, in the ongoing debate on the stability of the FF phase 42 , the strong experimental evidence of the finite-momentum pairing has been provided only in 2D organic superconductors 33, [43] [44] [45] and superconductor/ferromagnet
46
(topological insulator 47, 48 ) junctions for which the FF phase is formed in the proximitized part of the junction.
In this paper, we present that the FF phase can appear spontaneously (without the magnetic field) in superconducting metallic nanofilms as a result of the quantization of the electronic bands in the growth direction. When the energy between quantized electronic states is smaller than the energy of the electron-phonon interaction the electrons from different bands can create Cooper pairs. Then, the Fermi wave vector mismatch between the subbands is compensated by the non-zero center-of-mass momentum of the Cooper pairs leading to the spontaneous FF phase formation induced by the intersubband pairing.
The structure of the paper is as follows. In section II we introduce the theoretical model of the non-zero momentum paring in metallic nanofilms. In section III we present our results both in the absence and in the presence of the magnetic field. Conclusions and outlook are provided in section IV.
II. THEORETICAL MODEL
A. FF phase in a metallic nanofilm
We consider Pb(111) free-standing nanofilms with predominant intersubband electron-phonon coupling. The first-principle calculations 49 of the quantized band structure for Pb nanofilms showed that the quantum size effect in (111) direction can be well described only by the quantum well states centered at the L point of the Brillouin zone, where the energy dispersion is nearly parabolic. Based on those results, here we use the parabolic band approximation. For simplicity, we consider two lowest subbands assuming that they are separated by the energy ∆E. The two band model allows to underline the sole role of the intersubband paring without any disturbances resulting from Cooper pairs tunnelling to other subbands. The schematic illustration of paring in the considered model is presented in Fig. 1 .
For H = 0 and small intersubband coupling strength, the superconducting state is crated as a result of pairing between electrons with opposite spins and momenta within the subbands, (1, k, ↑) ⇔ (1, −k, ↓) and (2, k, ↑ ) ⇔ (2, −k, ↓). If we increase the intersubband coupling, a new paring channel opens, where electrons from different subbands form the Cooper pairs (1, k, ↑) ⇔ (2, −k + Q, ↓). In such a case, the wave vector mismatch between electrons with opposite spins is compensated by the non-zero momentum of the pairs, Q, leading to the spontaneous (without magnetic field) FF phase [ Fig. 1(a) ], in which not all of the particles at the Fermi surface are paired. The further increase of the intersubband coupling above a critical value leads to a situation in which the pairing region in reciprocal space is relatively large meaning that the Fermi wave vector mismatch cannot prevent the electrons from pairing. In such a scenario, the electrons from the more populated subband are moved to the less populated one and the intersubband pairing with zero momentum Q = 0 is more preferable.
If we apply the magnetic field H = 0 [ Fig. 1(b) ] both the subbands split as a result of Zeeman effect. The wave vector mismatch between electrons with opposite spins appears separately in each subband which may result in the finite momentum pairing in each of them. In general, the Cooper pair momentum Q for both the subbands and between them can be different leading to the FF phase which is a superposition of phases with three different Q vectors (periods of the energy gap oscillations in the real space). In this case, the appearance of the intra and intersubband FF phase as well as the coexistence of them is determined by the spin-splitting energy and the energy separation ∆E. In particular, the Zeeman splitting can compensate the energy ∆E between the states (1, ↑) and (2, ↓) making the paring between them more preferable while the paring between the spin reversed states (1, ↓ ) and (2, ↑) is destroyed by the large vector mismatch between the states at the Fermi level, which increases with the increasing magnetic field.
B. Two-band model with intersubband paring
We start from the general form of the mean-field-BCS Hamiltonian in the presence of external in-plane magnetic field H = (H, 0, 0)
where σ corresponds to the spin state (↑, ↓), g is the phonon-mediated electron-electron coupling constant, H σ e is the single-electron Hamiltonian and ∆(r) is the superconducting gap parameter in real space defined as
In the two band model the field operators have the formΨ
whereĉ nkσ (ĉ † nkσ ) with n = (1, 2) is the anihilation (creation) operator for an electron with spin σ in the subband n characterized by the wave vector k and φ nk (r) are the single-electron eigenfunctions of the HamiltonianĤ σ e . The FF phase, induced either by the intersubband coupling or the Zeeman splitting, is characterized by the pairing with the non-zero momentum (k, ↑) ⇔ (−k+Q, ↓ ). The two band Hamiltonian with the finite momentum pairing takes the form
is the composite vector operator and
In the above Hamiltonian, ξ n,k are the single-particle energies which, in parabolic band approximation, are given by
where m is the electron mass, µ is the Fermi energy, s = ±1 for the spin index σ = (↑, ↓), µ B is the Bohr magneton, k = (k x , k y ) and E 0 is the bottom of the lower subband, assumed to be the reference energy (E 0 = 0). Due to the strong confinement in the growth direction, the orbital effects from the in-plane magnetic field can be neglected. The intra and intersubband superconducting gap parameters Γ Q n,m are expressed by
where the interaction matrix elements
and
The primed sum in (10) . The interaction matrix elements V and V 12 determine the effective electronelectron interaction by changing the g parameter for the intra-and inter-subband paring. In the following part of the paper we treat V and V 12 as dimensionless parameters which control the pairing by rescaling g expressed in eV.
The numerical diagonalization of (6) leads to the quasiparticle energies which are then used to derive the freeenergy functional in a standard statistical-mechanical manner. The paring energies Γ Q n,m are obtained by solving the set of self-consistent equations, while the Q vector is determined by minimizing the free energy of the system.
The calculations were carried out for material parameters corresponding to Pb: m = 1, gN bulk = 0.18 where
is the bulk density of the singleelectron states at the Fermi level,hω D = 32.31 meV and µ ∆E, E 0 .
III. RESULTS
In the first part of our analysis, we focus on the intersubband pairing and the formation of spontaneous FF phase. For the sake of simplicity, we initially consider a situation with V = 0 (no intrasubband pairing). The influence of the latter as well as the case of non-zero external magnetic field are analyzed in the following part of the paper.
In Fig. 2(a) we show the phase diagram in the (V 12 , ∆E) plane, with the SC gap marked by the colors. As one can see, a significant stability regions of the normal state (NS) and intersubband superconducting phase (ISP) appear in the diagram. The energy separation between the bands has a detrimental influence on the intersubband pairing as it introduces the Fermi wave vector mismatch between the paired electrons. Different energies of the band bottom with respect to the Fermi energy results in disproportion between the number of particles in each of them. In such a case the pairing becomes energetically unfavorable since not all particles can be paired. Nevertheless, for non-zero ∆E and high enough values of V 12 the width of the pairing region around the Fermi surfaces is relatively large, meaning that the Fermi wave vector mismatch no longer prevents the particles from forming the Cooper pairs. In such situation, the particles from the more populated subband are transferred to the less populated one, and no unpaired particles are left 50 . Those two effects lead to opening of the gap across the full Fermi surface. The resulting phase resembles a BCS superconductor, except here the Cooper pairs are formed by particles from two different subbands (ISPintersubband paired state).
An interesting region lies in between NS and ISP, for which the intersubband pairing is already too small to induce a fully gapped paired state, however, superconductivity can still appear in the form of the intersubband Fulde-Ferell phase (IFF). In the latter, the Fermi wave vector mismatch between the two subbands is compensated by the non-zero center-of-mass momentum of the Cooper pairs, which leads to a non-homogeneous SC gap with a small depairing region in the Brillouin zone, occupied by the unpaired electrons. In Fig. 2(b) we show the values of the Cooper pair momenta which corresponds to the minimum of the free energy. Since we are working in the parabolic band approximation, the direction of the Q vector can be chosen arbitrary. This is clearly seen in Fig. 2(c) and (d) , where the free energy of the system is plotted as a function of both Q x and Q y , for two selected values of V 12 . One should note, that the obtained rotational symmetry is also a result of the chosen pairing symmetry, which is assumed to be s-wave, in our case. In general, for other pairing symmetries such as e.g. dwave the rotational symmetry in the (Q x , Q y ) space can be broken 51, 52 . As can be seen, for the situation shown in (d) the nonzero Cooper pairing is not energetically favorable, since the energy of the system increases with increasing Q. On the other hand, the energy minimum for non-zero Q shown in (c) signals the possibility of nonzero momentum pairing. In such situation the SC gap parameter changes its phase in real space as one moves along the direction determined by the modulation vector. The discontinuity in Γ 12 at the border between ISP and IFF indicates a first order phase transition between the two. Such a behavior is also reported for the case of the conventional Fulde-Ferrell phase induced by the presence of an external magnetic field 24 . However, here the non-zero momentum pairing appear spontaneously between two subbands without the application of an external magnetic field.
Our simulations for non-zero temperatures (not shown) demonstrate that the stability region of the IFF phase gradually decreases with increasing temperature whereas the phase transition between the IFF phase and the ISP phase is non-continues, which is indicated by a sudden drop of the gap parameter Γ 12 .
Next, we analyze the influence of the intrasubband pairing on the phase diagram analyzed so far. The situation corresponding to both V 12 = 0 and V = 0 is shown in Fig. 2 , for ∆E = 5 meV (marked by the horizontal line in Fig. 2(a) ). Since the calculations including the non-zero momentum paring are highly time consuming we start from the simplified phase diagram with Q = 0. Fig. 3(a) presents relatively large regions of stability of the intersubband superconducting state (ISP) as well as the intrasubband paired phase. In the latter we report almost equal superconducting gaps in the two subbands (equal subband pairing -ESP), ∆ 11 ≈ ∆ 22 in spite of the non-zero value of the ∆E parameter. It is due to the relatively high value of the chemical potential with respect to ∆E taken in the calculations. At the transition between intra-subband and inter-subband paired phases the superconducting gap is enhanced. It should be noted that for the considered system there is a strong detrimental influence of the intrasubband pairing on the intersubband pair formation. That is why there is no region of coexistence of the two phases in the diagram. This fact can be understood based on Eq. (8) whose explicit form is given by
The terms with V 12 ∆ 12 (21) and V 12 ∆ 21 (12) correspond to the intersubband pairing, while V 12 ∆ 22 (11) refers to the intersubband pair hopping. The latter is operative only when the intrasubband pairs are created (∆ 11 = 0 and ∆ 22 = 0). In such a case and when the symmetry of the Cooper pairs tunneling rate between the bands is lifted due to ∆E = 0, the V 12 ∆ 22 (11) term enhances the disproportion between the electron concentrations in the two subbands. This in turn strongly suppresses the intersubband pairing both in the form with zero total momentum of the Cooper pairs (ISP) and in the FF state [see Fig. 3(b) ]. When the intersubband pair hopping is neglected, such strong competition does not occur and the coexistence region of ESP and ISP appears as shown in Ref. 50 . A detrimental impact of the intrasubband pairing on the IFF phase is clearly demonstrated in Fig. 3(b) which presents the results of calculations with the non-zero total momentum paring included. The range of parameters (V 12 , V ) presented in Fig. 3(b) is marked by the white rectangle in the panel (a). As we can see, in the narrow range of V the IFF stability region gradually decreases with increasing V due to their mutual competition described above. Note that the step-like character of the IFF stability region in Fig. 3(b) is a result of the relatively small resolution used in our calculations. It is due to the high computional costs required for the calculations with non-zero momentum pairing.
The influence of magnetic field for V = 0.05 is presented in Fig. 4 . It should be noted that in the results presented so far all the paired states correspond to a spin-singlet, subband-triplet pairing with ∆ ST = 0 and ∆ T S = 0, where
However, in the presence of external magnetic field, the Zeeman spin-splitting may lead to
|. This is caused by the fact that the two spin-subbands corresponding to |2, ↑ and |1, ↓ are closer to each other than the two corresponding to |1, ↑ and |2, ↓ . This mechanism is schematically presented in Fig. 4(e) . As a result the spin-singlet, subband-triplet paired state is mixed with spin-triplet, subband-singlet for which ∆ ST = 0 and ∆ T S = 0 (ISP * in the phase diagram, Fig. 4(a) ). The region of stability of such an exotic state appears for relatively large magnetic fields as seen in Fig. 4 (b) and (c) , however, the ∆ T S component of the pairing amplitude is significantly smaller than ∆ T S [ Fig.4(d) ]. Note that the ISP * phase leads to a re-entrance of superconductivity with increasing field B in the range 0.06 < ∼ V 12 < ∼ 0.1, where the intersubband paired phase is formed after the intrasubband phase, already suppressed by the Zeemansplitting.
Our calculations with Q = 0 in the presence of external magnetic field show that the Fulde-Ferrell phase can appear both in the inter-and intra-subband form. The latter is created due to the compensation of the Fermi wave vector mismatch caused by the Zeeman splitting within the two bands (FF phase in Fig. 4(a) ). As presented in Fig. 1 , in general the Q vector for each of the subbands and between them could be different when H = 0. However, due to the fact that ∆E µ the wave vector mismatch induced by the magnetic field at the Fermi level is nearly the same for both the subbands, and therefore we assume Q 1 = Q 2 . The corresponding regions of stability of both phases are shown in Fig. 5 where the amplitude for the non-zero pairing between the subbands and within the subbands is plotted as a function of both V 12 and B. Additionally, in (c) and (d) the values of the Cooper pair momentum which minimize the system energy are provided. Note that the ordinary FF phase induced by the Zeeman effect appears only at the border between the ESP phase and NS state. In contrast to that, the IFF phase emerges at both the borders NS/ISP * and ISP * /ISP.
IV. SUMMARY AND OUTLOOK
In the present paper, we have analyzed the intersubband pairing in free-standing Pb nanofilms where the subbands are created due to the quantization effect induced by the confinement in the growth direction. In order to determine the principal features of the paired state we have used a model consisting of two parabolic subbands separated by the energy ∆E. Non-zero values of the latter is detrimental for the intersubband pairing as it generates a Fermi wave vector mismatch between the particles with opposite spins and momenta. However, as we show here such a mismatch between the bands can be compensated by the non-zero total momentum of the Cooper pairs which leads to a appearance of the spon-taneous Fulde-Ferrell intersubband state. The interesting feature of such state is that it can be formed without the necessity of applying any external magnetic or electric field. Since the inter-subband pair hopping processes together with the intra-subband pairing enhance the disproportion between the electron concentrations in the two bands, the coexistence of the inter-and intrasubband paired states does not appear. The same mechanism leads to suppression of the FF stability region with increasing intrasubband paring.
Our calculations have shown that in relatively high external magnetic field, due to the Zeeman splitting of the bands, an exotic inter-band paired state appears, for which the spin-singlet, subband-triplet as well as spintriplet, subband-triplet Cooper pairs are created. The appearance of such a phase has a re-entrant character with increasing magnetic field after the intra-subband paired state is destroyed. The spontaneous inter-subband Fulde-Ferrell phase appears in all of the analyzed situations close to the transition between the ISP phase and other states appearing in the phase diagram such as the normal state or the intra-subband paired state.
Although in our study we consider a particular case of Pb metallic nanofilm, the appearance of a spontaneous Fulde-Ferrel state could be energetically favorable for any multiband superconductor such as MgB 2 4-7 or iron-based superconductors [8] [9] [10] [11] 52 . In the latter, the bottoms of the bands between, which the pairing may appear coincide, however, the Fermi wave vector mismatch appears due to a specific electronic structure. In general, the Fermi wave vector mismatch has to be relatively small for the IFF phase to appear, in systems with weak intersubband coupling constant. This could be seen in our calculations where the non-zero-momentum pairing emerged even for low V 12 if ∆E was small. We propose that those conditions could be also satisfied in the two-dimensional superconducting electron gas created at LaAlO 3 /SrTiO 3 interfaces [53] [54] [55] [56] where the appearance of the intersubband pairing is confirmed experimentally 57 and can be controlled by gating (doping) 56 . Also the proposed state could appear for a system consisting of two types of particles with two different masses between which a pairing mechanism is realized. Such a scenario can be realized in a ultracold Fermi gas trapped in an optical lattice Note that, since the existence of the IFF phase does not require any magnetic field, its appearance is independent of the Maki criterion for the Cooper pair decomposition, which plays an important role for the case of the conventional FF state. This significantly extends the range o materials in which this phase can possibly be observed.
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